Abstract. We discuss the use of nonstandard methods in the study of Ramsey type problems, and illustrate this with an example concerning the existence of definable solutions in models of BΣ 0 2 for the combinatorial principles of Ramsey's Theorem for pairs and cohesiveness.
Introduction
Ramsey's Theorem (RT n k ) states that every partition of the n-element subsets of N into k classes has an infinite homogeneous set. The prooftheoretic strength of RT n k is an area of active research by recursion theorists in recent years.
Taking the system of second order arithmetic RCA 0 as the base theory, an earlier result of Jockusch [9] implies that for n > 2, the arithmetic comprehension axiom is a consequence of RT n k . This was shown not to hold under RT 2 2 by Seetapun and Slaman [12] , so that over RCA 0 , RT 2 2 is strictly weaker than RT n k for n > 2. In a systematic study of RT 2 2 , Cholak, Jockusch and Slaman [1] introduced two combinatorial principles related to RT 2 2 , defined over a model M = M, X, +, ·, 0, 1 of RCA 0 , where X is the collection of second order objects of M:
(1) The principle of stable Ramsey's Theorem for pairs (SRT It is known ( [1] ) that over the base theory RCA 0 , Ramsey's Theorem for pairs is equivalent to SRT into two colors has a low homogeneous solution (i.e. whose jump is ∅ ). An iteration of the construction will then produce a model of RCA 0 + SRT 2 2 that does not include a homogeneous solution to f J according to Jockusch's result. Downey, Hirschfeldt, Lempp and Solomon [6] showed that this approach failed by demonstrating the existence of a ∆ 2 set A of integers with no infinite low subset in A orĀ. Thus to produce a model M = M, X, +, ·, 0, 1 of RCA 0 + SRT 2 2 without RT 2 2 where M = N (i.e. an ω-model) requires a more sophisticated approach. In [7] , Hirschfeldt, Jockusch, KjosHanssen, Lempp and Slaman show that while a low homogeneous set is not always guaranteed for a stable 2-coloring of pairs, it is nevertheless true that an incomplete ∆ 2 homogeneous solution exists. The authors also propose ways of attacking the SRT 2 2 problem by considering different possible ω-models that could be constructed to avoid RT 2 2 . In this paper we discuss the use of nonstandard models in investigations of Ramsey type problems. From the proof-theoretic point of view, there is no reason to restrict oneself to ω-models in studying subsystems of second order arithmetic. Since there exist nonstandard models of RCA 0 that exhibit simpler structures in the Turing degrees, Ramsey type problems may be analyzed from a different perspective and this could shed light on the problems themselves. For example, there exist models of RCA 0 + BΣ 0 2 in which every incomplete Turing degree is low. This means that the counterexample given in [6] does not apply to these models. It will be useful to study the problem of SRT 2 2 in such a situation. This is discussed further later in the paper.
Our main result gives an illustration of the link between Ramsey type problems and nonstandard models. Namely, we are concerned with the question of existence of solutions for RT 2 2 or COH that is recursive in the double Turing jump of the set parameter defining the 2-coloring or array. Classical results of Jockusch and others show that this is true for ω-models. In general, however, the answer is determined by the underlying first order inductive strength of the model being considered (Corollaries 3.1, 3.2 and 3.3).
We assume that the reader is familiar with recursion theory in models of fragments of Peano arithmetic as well as subsystems of second order arithmetic (cf. [4] and [14] for details). Here we will only present a summary of the facts that are relevant to the discussion below. 
BΣ
(IΣ 0 n is denoted Σ 0 n -IND in [14]). A bounded set in M is M-finite if it is coded in M. Otherwise it is called M- infinite. An unbounded set in M is necessarily M-infinite, although the
converse is not always true (for example N is not M-finite in any nonstandard model M).
Let BΣ 0 n denote the scheme which states that every Σ 0 n definable function maps an M-finite set onto an M-finite set. The result of Kirby and Paris [10] for first order formulas may be generalized to show that for all n ≥ 0, IΣ 0 n+1 is strictly stronger than BΣ 0 n+1 , which is in turn strictly stronger than IΣ 0 n . Indeed, the results stated without proof in this section were originally shown for first order fragments of Peano arithmetic. Their generalization to subsystems of second order arithmetic is immediate. We identify a number in M with the set of its predecessors. The notion of coding in BΣ 0 2 models of RCA 0 is central to the analysis of Ramsey type problems in this paper. Although the original definition was given for first order structures, it carries over to second order structures in an obvious way.
The following result of Chong and Mourad [2] will be used repeatedly in the sequel:
3. Ramsey's Theorem in BΣ 0 2 models of RCA 0
We first prove a general theorem for BΣ 
We first prove a lemma.
We identify a set with its characteristic function. By Proposition 2.2 (iii), C is regular. Hence for each i ∈ I, there is a neighborhood condition N i ⊂Ȳ g(j) . Hence the set
satisfies the property that for each i, the set 
Now we may compute C from I ⊕ Y as follows: To decide C y, use Y to choose an i such that g(i) > y. Use I to find the least j such that (i, j, j ) ∈Ẑ and j ∈Ī. This is 
By Claim 1 and Claim 3, C ⊕ Y ≤
T I ⊕ Y . Since BΣ 0 2 (C ⊕ Y ) holds, IΣ 0 1 (C ⊕ Y )
is true and therefore by Proposition 2.4, C ⊕ Y is hyperregular. This means that for all i, there is a least
(x). Proof of Claim. Otherwise, there is an i ∈ I such that for all (j, j , j ) ∈ I × I × I, either (i) or (ii) is false. More precisely, there is an i ∈ I such that for all (j, j , j ) ∈ I × I × I, either
(x) (in this case d has to be in I). 
are both M-finite), hence M-finite, which is a contradiction, proving the Claim.
By the Claim, the set of quadruples (i, j, j , j ) satisfying (i) and (ii) is ∆ 0 2 (C ⊕Y ) on I ×I ×I ×I, hence coded on I ×I ×I ×I by an M-finite setĥ which we may consider to be a function taking i to the least triple (j, j , j ). Then Y computes (C ⊕Y ) as follows: Given y, find an i ∈ I using Y such that g(i) > y. Now use ĥ 1 
. This computation has to be correct by the choice of the functionĥ.
Since
We now apply Theorem 3.1 to study Ramsey's Theorem for pairs. The proof of the following result follows essentially Jockusch [9] . The only point to note is that the construction works under the assumption of BΣ 
Proof. The proof of (i) ⇒ (ii) may be adapted from Theorem 4.2 of Jockusch [9] , by carrying out the construction using Σ 0 2 induction. For the other direction, first note that Hirst [8] showed that every model of RCA 0 + RT is necessarily one that contains only incomplete homogeneous sets (incomplete relative to the parameter defining the 2-coloring). Furthermore, M satisfies the following useful result whose origin (in the form of α-recursion theory) goes back to Shore [13] (See also Mytilinaios and Slaman [11] and Chong and Yang [4] model M 0 (with no second order objects). Let this be the ground model. At stage n + 1, construct an incomplete homogeneous set for a stable 2-coloring defined over M n . One can arrange the stable 2-colorings in such a way that M = n M n is a model of SRT 
